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Abstract
There are exact solutions to Einstein’s equations with negative cosmological constant that represent
black holes whose event horizons are manifolds of negative curvature, the so-called topological black holes.
Among these solutions there is one, the massless topological black hole, whose mass is equal to zero. Hod
proposes that in the semiclassical limit the asymptotic quasinormal frequencies determine the entropy
spectrum of the black holes. Taking into account this proposal, we calculate the entropy spectrum of
the massless topological black hole and we compare with the results on the entropy spectra of other
topological black holes.
Keywords: Massless topological; black hole; Entropy spectrum; Quasinormal modes.
PACS: 04.50.-h 04.70.-s 04.70.Dy
Bekenstein proposes that in a quantum theory of gravity the horizon area of a black hole is quantized [1],
[2]. Also in the semiclassical limit he expects that the area spectrum takes the form
An ≈ ǫ~n, (1)
where n = 0, 1, 2, . . . , ~ denotes the reduced Planck constant, and ǫ stands for an unknown parameter of
order 1.
In an interesting conjecture [3], Hod states that the spacing of the area spectrum (ǫ~) is determined by
the real part of the asymptotic quasinormal frequencies (QNF) of the black hole under study. Based on
Hod’s ideas Kunstatter proposes a different method to obtain equivalent results for the area spectrum [4].
Hod’s conjecture gives reasonable results for several black holes [3], [4], but for other black holes it leads to
confusing results, as for example [5], [6]:
1. Based on the results of other methods, there are black holes for which in the semiclassical limit we
expect that their area quanta be equal, but the real parts of their asymptotic QNF are not equal, hence
Hod’s conjecture predicts different values for the area quanta.
2. For some black holes we expect a discrete and evenly spaced area spectrum, nevertheless Hod’s conjec-
ture predicts a discrete but not evenly spaced area spectrum [6].
To solve some of these problems, Maggiore [5] suggests that the quasinormal modes of a black hole behave
as the oscillations of a damped oscillator whose frequencies of oscillation are ωp,k =
√
ω2R + ω
2
I (the so-called
physical frequencies), where ωR and ωI stand for the real and imaginary parts of the QNF. Moreover, based on
Hod’s conjecture, Maggiore proposes that the area spectrum of the black hole is determined by the asymptotic
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value of the physical frequencies [5]. Recently Maggiore’s proposal has been used to calculate the area and
entropy spectra of several black holes [5], [7]–[25].
According to Birmingham and Mokhtari [26] in several lines of research the so-called D-dimensional
(D ≥ 4) massless topological black hole (MTBH) may play a similar role to the three-dimensional BTZ
black hole [27]. The MTBH is a static solution to Einstein’s equations with negative cosmological constant,
whose mass is equal to zero and its event horizon is a compact and orientable manifold of negative curvature
[28]–[32]. The MTBH has been studied thoroughly and we note that this black hole is member of the exact
solutions usually known as topological black holes whose event horizons are manifolds of negative curvature
[28]–[32]. It is convenient to notice that in gravity theories different from general relativity there are exact
solutions that represent topological black holes (for example see [21], [33]–[35], [37] for more details).
Taking into account the ideas by Hod, Kunstatter, and Maggiore [3]–[5] in what follows we calculate the
area and entropy spectra of the MTBH. Recently Gonzalez et al. [21] compute the entropy and mass spectra
of more general topological black holes (Chern-Simons black holes). Since it is difficult to identify the entropy
spectrum of the MTBH in the results of [21], and also to know its entropy spectrum is interesting in itself,
it is appropriate to calculate the entropy spectrum of the MTBH and compare with the entropy spectra of
other topological black holes. Furthermore we make some comments on the results of [21].
The metric of the D-dimensional MTBH reads
ds2 = −
(
−1 +
r2
L2
)
dt2 +
(
−1 +
r2
L2
)
−1
dr2 + r2dΣ2D−2, (2)
where r ∈ (L,+∞), L is related to negative cosmological constant of the spacetime, and dΣ2D−2 stands for
the line element of a (D − 2)-dimensional compact and orientable Einstein manifold of negative curvature
ΣD−2 [28]–[32].
The QNF of the D-dimensional MTBH (2) are calculated exactly for the Klein-Gordon [36], [37], electro-
magnetic [37], [38], Dirac [39], and gravitational [26] perturbations. In particular the QNF of the gravitational
perturbations are (see formulas (46) of [26])
ω = ±
ξ
L
−
2i
L
(
k +
A
4
)
, (3)
where k = 0, 1, 2, . . . , the parameter A is equal to
A =


D − 1 for the vector type
gravitational perturbations,
|D − 5|+ 2 for the scalar type
gravitational perturbations,
D + 1 for the tensor type
gravitational perturbations (D ≥ 5),
(4)
and the quantities ξ are the eigenvalues of the scalar, vector, and tensor harmonics on the base manifold
ΣD−2. Thus the quantities ξ depend on the type and the mode of the gravitational perturbations.
Since the real part of the QNF (ξ/L) depends on the eigenvalues of the harmonics on the base manifold
ΣD−2, we believe that the original Hod’s conjecture does not hold for the MTBH. To see this fact we use
the original Hod’s conjecture with the real part of the QNF (3) to get the area spectrum An = 8π~ξn for
the horizon of the D-dimensional MTBH and we note that it depends on the type and the mode of the
gravitational perturbations that we use in the calculation.
In the asymptotic limit k →∞ the QNF of the gravitational perturbations (3) reduce to
ω ≈ −
2i
L
k. (5)
(A similar expression is valid for the QNF of other fields.) Therefore we find that the asymptotic physical
frequencies of the MTBH are
ωp,k =
2k
L
. (6)
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Kunstatter [4] points out that for a system of energy E and oscillation frequency ω, the integral
I =
∫
dE
ω
(7)
is an adiabatic invariant. In the framework of Maggiore’s proposal [5] the change in the physical parameters
of the black hole stems from a transition in the physical frequencies of type ωp,k+1 → ωp,k; hence for the
black hole the appropriate frequency of oscillation is ∆ω = ωp,k+1 − ωp,k [8], and the adiabatic invariant
corresponding to the black hole is [4], [8],
I =
∫
dM
∆ω
. (8)
For the uncharged topological black holes of Einstein’s theory the first law of the thermodynamics reads
[40]–[42]
dM =
κ
8π
dA, (9)
where M stands for the mass of the black hole, κ denotes the surface gravity of the event horizon, and A
stands for the horizon area. Taking into account the first law (9) we find that for the MTBH the adiabatic
invariant I is
I =
L
2
∫
dM =
L
2
∫
κ
8π
dA =
A
16π
. (10)
In the semiclassical limit, by Bohr-Sommerfeld quantization rule, an adiabatic invariant is quantized in
equal steps, thus I ≈ n~, and therefore from formula (10) we get that in the semiclassical limit the area
spectrum of the D-dimensional MTBH is
An = 16π~n. (11)
For the topological black holes of Einstein’s gravity the Bekenstein-Hawking area-entropy law S = A/4~ is
valid [42], [43], therefore from the area spectrum (11) we obtain that the entropy spectrum of the MTBH is
Sn = 4πn. (12)
Thus from the area spectrum (11) and entropy spectrum (12) we find that the area and entropy quanta are
∆A = 16π~, ∆S = 4π. (13)
For the D-dimensional MTBH their area and entropy quanta (13) are independent of the cosmological
constant and the spacetime dimension. Furthermore the entropy quantum (13) does not depend on the
properties of the base manifold ΣD−2 (as its genus number or its volume). We must note this property of
the entropy quantum since the MTBH is among the simplest topological black holes and this property is not
valid for the topological black holes studied in [21] (see below).
The values (13) for the area and entropy quanta of the MTBH are equal to those obtained for the D-
dimensional de Sitter spacetime [15]. Also the area and entropy quanta (13) are different from the quanta
∆A = 8π~ and ∆S = 2π corresponding to the D-dimensional Schwarzschild black hole [5], [7], [25], the
D-dimensional Reissner-Nordstro¨m black hole in the small charge limit [25], and the four-dimensional slowly
rotating Kerr black hole [8], [9].
Daghigh and Green [10] calculate the entropy quanta for the D-dimensional Schwarzschild anti-de Sitter
black holes. They find that the entropy quanta depend on the spacetime dimension and are given by ∆S =
4π sin (π/(D − 1)). (For large anti-de Sitter black holes see [13].) The result for Schwarzschild anti-de Sitter
black holes is different from the value (13) for the MTBH, although the factor 4π appears in both results.
We believe that the result by Daghigh and Green [10] deserves further research since it predicts that for
the D-dimensional Schwarzschild anti-de Sitter black holes their entropy quanta decrease as the spacetime
dimension increases.
Thus in Einstein’s gravity, the calculated entropy quanta do not depend on the cosmological constant,
however Maggiore’s method suggests that asymptotically flat and asymptotically anti-de Sitter black holes
have different values of the area quanta. (For near extreme Schwarzschild de Sitter black hole see [11] and
for de Sitter spacetime see [15].) Hence Maggiore’s proposal predicts that in Einstein’s gravity the entropy
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quanta are not universal. For other applications of Maggiore’s method to get the entropy spectra of black
holes in theories of gravity different from general relativity see [7], [12], [14], [16]–[18], [20], [21].
Making the change of variables [37]
r →
L
R+
R, t→
R+
L
τ, (14)
where R+ is a constant, we obtain that the line element (2) becomes
ds2 = −
(R2 −R2+)
L2
dτ2 +
L2
(R2 −R2+)
dR2 +R2dΩ2D−2, (15)
with
dΩ2D−2 =
L2
R2+
dΣ2D−2. (16)
According to Oliva and Troncoso [37] the line element (15) describes an asymptotically anti-de Sitter black
hole with an event horizon at R = R+. This black hole is a solution to the equations of motion for several
gravity theories as for example, conformal gravity in even dimensions, special cases of Lovelock gravity in
odd dimensions, and other gravity theories (see [33]–[35], [37] for more details).
We can suppose that our results on the entropy spectrum of the MTBH with metric (2) can be extended
easily to the black holes with line element (15) since their metrics are similar, but we think that it is
necessary to make a careful analysis. We notice that for D ≥ 4 the QNF of the gravitational perturbations
and those of other fields (as for example Klein-Gordon and electromagnetic fields) have a different status, since
the quasinormal modes of the gravitational perturbations determine the oscillations in the structure of the
spacetime itself, while the quasinormal modes of other fields determine their oscillations in a fixed background.
Thus it is not evident that the frequencies of oscillation for the electromagnetic and Klein-Gordon fields can
tell something about the spectrum of the event horizon, it is more probable that the information is contained
in the oscillation frequencies of the gravitational perturbations. Hence we believe that in Maggiore’s method
[5] we must use the QNF of the gravitational perturbations to calculate the entropy spectrum.
Although in several spacetimes (as the Schwarzschild black hole, the de Sitter spacetime, and the MTBH)
we obtain that the asymptotic physical frequencies of gravitational perturbations and the other fields behave in
a similar way, and hence in the entropy spectrum that produces Maggiore’s method there is no difference when
we use the QNF of a field different from the gravitational perturbations. Thus for D ≥ 4, when we calculate
the entropy spectrum with Maggiore’s method and we do not use the QNF of the gravitational perturbations,
it is implicitly assumed that the asymptotic physical frequencies of the gravitational perturbations and the
other field behave in a similar way. We believe that this hypothesis must be tested for the black holes whose
entropy spectra are calculated from the QNF of fields different from the gravitational perturbations in [16],
[17], [18], [21].
Since we do not know the QNF of the gravitational perturbations for the black holes (15) when these are
solutions of gravity theories different from general relativity and these do not follow in a straightforward way
from the QNF of the gravitational perturbations for the MTBH of Einstein’s gravity [26], (we can get the
QNF of the Klein-Gordon and electromagnetic fields in the black hole (15) from their QNF in the MTBH
[37]). We think that in the framework of Maggiore’s proposal the calculation of the entropy spectra for the
black holes (15) deserves further research.
As we previously mentioned, Gonzalez et al. [21] calculate the entropy spectrum of Chern-Simons black
holes. First we note that they use the QNF of the Klein-Gordon field to calculate their entropy spectra.
In [21] the analogous of our adiabatic invariant I are the quantities I2 of formulas (53) and (54). Taking
into account their mathematical expressions we find that the two quantities I2 of [21] go to zero as M → 0
(µ→ 0), and therefore it is not possible to compare the results for the entropy spectra. Also, in [21] for the
Chern-Simons black holes the calculated entropy spectra are not evenly spaced and depend on the properties
of the base manifold, in contrast to our result for the MTBH of Einstein’s gravity. For the black holes of
[16], [17], [18], [21] an interesting question is to study whether their entropy spectra change when we use the
QNF of the gravitational perturbations to make the computation.
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